Abstract. We show that Brownian motion on any unbounded submanifold P in an ambient manifold N with a pole p is transient if the following conditions are satisfied: The p-radial mean curvatures of P are sufficiently small outside a compact set and the p-radial sectional curvatures of N are sufficiently negative. The 'sufficiency' conditions are obtained via comparison with explicit transience criteria for radially drifted Brownian motion in warped product model spaces.
Introduction
A Riemannian manifold is called transient if the Brownian motion from a point in the manifold does not hit every precompact open subset with probability 1. The notion of transience has several equivalent analytic formulations in potentialtheoretic terms. The Kelvin-Nevanlinna-Royden Criteria (see [LS] ) assures for example that a manifold is transient if and only if its Laplace operator admits a positive fundamental Green kernel; transience is thus equivalent to the notion of hyperbolicity. Yet another equivalent condition for transience is the existence of a compact subset with strictly positive capacity. This latter criterion will be used throughout this paper.
From a geometric point of view an interesting quest in this setting is the one alluded to in the title. Suppose P is a submanifold in an ambient Riemannian manifold N . The problem is then to find the most general intrinsic geometric condition on N and the most general extrinsic geometric condition on P which together will assure that P is transient. In [MP2] we proved transience of minimal submanifolds of dimension m ≥ 3 in Hadamard-Cartan manifolds. Further, when m = 2 we still get transience under the assumption of minimality, but then only under the slightly stronger condition that the ambient Hadamard-Cartan manifold has strictly negative sectional curvatures.
In the present paper we extend this result in essentially two ways.
1.1. Concerning the ambient space. First, we allow the ambient space N n to have some positive sectional curvatures, although it should still possess at least one pole. A pole is a point p from where the exponential map is a diffeomorphism: exp p : T p N n → N n . For comparison, a Hadamard-Cartan manifold has everywhere non-positive sectional curvatures, and since it is also by definition simply connected, every point is a pole. The rôle of the pole p is precisely to serve as the origin of a smooth distance function r from p : For every x ∈ N n − {p} we define r(x) = dist N (p, x) , and this distance is realized by a unique geodesic from p to x. The sectional curvatures of N along these geodesics are called the p-radial sectional curvatures of N and are denoted by K p,N . They control the second-order behavior of r(x) via the classical Jacobi field index theory. Indeed, a bound on the p-radial sectional curvatures gives a bound on the Hessian of radial functions, Hess N (f (r)), as proved by Greene and Wu; see [GreW] .
1.2. Concerning the submanifold. The submanifold P and the restricted radial functions f (r)| P inherit this second order bound to the P -intrinsic Hessian, Hess P f (r)| P , and therefore also to the Laplacian ∆ P f (r)| P of such modified distance functions. However, the mean curvatures H P of P also appear in this Laplacian via the p-radial mean curvature function for P in N , which is defined in terms of the inner product of H P with the N -gradient of the distance function r(x) as follows:
A suitable control on the p-radial mean curvatures together with a suitable control on the p-radial sectional curvatures of the ambient space will therefore eventually control the Laplacian of restricted radial functions on P . In particular we consider potential functions stemming from similar capacity calculations of radially symmetric comparison spaces and transplant them to P via the distance function r in N . Such transplantations are then compared with the 'correct' potentials on P , and the maximum principle for the Laplacian ∆ P finally gives the comparison result for capacities in P . Thus we have the second extension of our previous work [MP2] in this direction: Here the submanifolds P in N are allowed to have non-vanishing (although still bounded) mean curvatures. The precise bound on the mean curvatures is formulated in terms of a radial function H(r). The exponential integral of this function plays a direct rôle in our sufficient condition for transience; see Theorem A below.
These remarks and tools will, of course, be substantially specified and precisely defined in the following sections. So far they do permit, however, a first direct statement of our main theorem and some of its corollaries. Suppose that the p-radial mean curvatures of P are bounded by a continuous radial function H(r) as follows:
for all x with r = r(x) > ρ .
Suppose that the p-radial sectional curvatures of N are bounded by a radial function K(r) as follows:
for all x with r = r(x) > 0 .
Finally, suppose further that
Then P m is transient.
For convenience and for transparency we show in Sections 2 and 6 below how the w-controlled conditions in Theorem A stem from the analysis of a suitable drifted modification of the Laplacian on so-called model spaces. A w-model space M m w is a warped product of a real interval with the standard (m−1)-dimensional unit sphere and warping function w(r). For each positive function w(r) the corresponding w-model space will serve as both explicit geometric origin and background for the comparison construction, which in turn permits a geometrically convenient reformulation of the theorem. The proof of Theorem A is concluded in Section 8. In Section 9 we will prove the following consequences of the theorem, among others: 
Remark a. These and several other corollaries (or rather their proofs) exemplify specific choices of the auxiliary function w(r), which will work in the given situations and imply transience via Theorem A. It is, however, an interesting problem of independent interest to find the 'best possible' function w(r) in terms of the integral in the transience test to be the smallest possible for any given pair of geometric bounding functions H(r) and K(r). Proposition C in Section 9 is a first attempt in this direction. It gives a set of quite general explicit conditions on the radial bounding functions which imply transience without any explicitly stated reference to the auxiliary function w(r).
We must note here, as well, that our techniques may be considered as generalizations (to submanifolds) of intrinsic comparison methods applied previously by Ichihara in [I1] and [I2] . The problem of finding intrinsic geometric criteria for transience or recurrence has recently been studied by several authors; see e.g. [H] , [Gri] . By specializing the proof of Theorem A to the purely intrinsic geometric setting (such that the submanifold is the ambient manifold itself, P = N ) we obtain a proof of the following well-known result (see again Section 9): [I2] 
Then N n is transient.
1.3.
Outline of the paper. We devote Section 2 to a discussion of those aspects of warped products and model spaces which will be instrumental for our comparison analysis. The general setup for the comparison techniques is then constructed in Section 3. The basic comparison inequalities for the Laplacian are reviewed in Section 4, and in Sections 5 and 6 we define the capacity of general domains and explicitly calculate the modified (drifted) capacity of radially symmetric domains in model spaces. A first glimpse of the ensuing comparison result is given in Example 6.4. The local version of our main result is then established in Section 7. Finally the proofs of Theorem A and its corollaries are presented in Sections 8 and 9, respectively.
Warped products and model spaces
Warped products are generalized manifolds of revolution; see e.g. [O'N] . Let (B k , g B ) and (F l , g F ) denote two Riemannian manifolds and let w : B → R + be a positive real function on B. We assume throughout that w(r) is at least C 1 with piecewise continuous second order derivative w (r). The product manifold M k+l = B × F is then considered. We denote the projections onto the factors by π : M → B and σ : M → F , respectively. The metric g on M is then defined by the following w-modified (warped) product metric:
Definition 2.1.
) is called a warped product with warping function w, base manifold B and fiber F . We write as follows:
Definition 2.2 (See [Gri] , [GreW] 
be a w−model. Let r 0 and r denote two values in B. Then the geodesic distance from every 
where the mean curvature function η w (r) is defined by
In particular we have for the constant curvature space forms
Definition 2.6. Let p be a point in a Riemannian manifold M and let
contains the tangent vector to a minimal geodesic from x to p. We denote these curvatures by
Proposition 2.7 (See [GreW] and [Gri] 
Remark b. This radial curvature function of a w-model space is only piecewise continuous due to the weak differentiability assumptions for w(r).
Comparison constellations
Given an immersed m-dimensional submanifold P m in a complete Riemannian manifold N n with a pole p, we denote the distance function from p in the ambient space N n by r(x) = dist N (p, x) for all x ∈ N . Since p is a pole there is, by definition, a unique geodesic from x to p which realizes the distance r(x). We also denote by r the restriction r| P : P −→ R + ∪ {0}. This restriction is then called the extrinsic distance function from p in P m . The corresponding extrinsic metric balls of (sufficiently large) radius R and center p are denoted by D R (p) ⊆ P and defined as any connected component of the intersection
where B R (p) denotes the geodesic R-ball around the pole p in N n . The extrinsic ball D R (p) is then a connected domain in P m , with boundary ∂D R (p). Since P m is assumed to be unbounded in N , we have for every sufficiently large R that B R (p) ∩ P = P . Using the corresponding extrinsic balls we define the p-centered
In order to control the mean curvatures H P (x) of P m at distance r from p in N n we introduce the following two continuous functions of r:
Definition 3.1. A radial bounding function for the p-radial mean curvature function of P is any function H(r) which satisfies the inequality
This gives rise to the following exponential integral (which will prove useful below), as already alluded to by the statement of Theorem A in the Introduction:
Remark c. Whenever we only need a continuous bounding function H(r) we may choose equality in (3.1). It is, however, preferable in certain cases to assume that H(r) is a differentiable upper bound for the p-radial mean curvature function; see e.g. Proposition C in Section 9.
We now collect some of the previous ingredients and formulate the general framework for our transience comparison result: (a) The mean curvature bounding function H(r) is itself bounded from above by the mean curvatures of the model fibers at all distances r ≥ ρ for some ρ < R:
(b) The p-radial sectional curvatures of N are bounded from above by the p w -radial sectional curvatures of M m w :
With this notion of a comparison constellation we can now reformulate our main transience result. The proof is developed through the following sections.
where G(r) is the radial function defined in equation (3.2). Then P m is transient.
Hessian and Laplacian comparison theory
We denote by ∇ N r and ∇ P r the gradients of r in N and P , respectively. Let us first remark that ∇ P r(q) is just the tangential component in P of ∇ N r(q), for all q ∈ P . Then we have the following basic relation:
where (∇ P r) ⊥ (q) is perpendicular to T q P for all q ∈ P . The unit normal vector field on the boundary of the annulus ∂A ρ,R = ∂D ρ ∪ ∂D R is denoted by ν and defined by the following normalized P -gradient of the distance function restricted to ∂D ρ and ∂D R , respectively:
Concerning the 2nd order analysis of r we need firstly and foremost the Hessian comparison theorem for manifolds with a pole: 
Remark d. Since we shall need this Hessian comparison result below, the above theorem motivates in particular the first assumption in the general comparison constellation of Definition 3.2. We must also note specifically that the theorem holds true with the minimum differentiability assumption for w(r), i.e. with a possibly only piecewise continuous upper bound in the assumption (4.2).
If we let µ : N → R denote a smooth function on N , then the restrictioñ µ = µ | P is a smooth function on P and the respective Hessian operators, Hess N (µ) and Hess P (μ) , are related as follows.
Proposition 4.2 ([JK]).
(4.4)
If we modify µ by a smooth function f : R → R, we then get (4.5)
Combining these results and tracing the resulting Hessian comparison statement in an orthornormal basis of T x P m , we obtain the following Laplacian inequality: 
where H P denotes the mean curvature vector of P in N .
Capacities of (extrinsic) annular domains
We prove Theorem A by showing the existence of a compact subset with positive capacity in P m . The compact set in question is constructed as an extrinsic regular ball defined in P using the distance function of the ambient space.
The capacity of a compact domain K in a precompact open set Ω of a Riemannian manifold M can be expressed as the following integral along the boundary of the compact set K (see e.g. [Gri] ):
where ν is the unit normal vector field on ∂K which points into the domain Ω − K and the function u is the solution of the Dirichlet problem in Ω − K
In our present setting, the extrinsic ball D R may not be precompact since the submanifold P could contain N -bounded but P -unbounded sequences of points. 
for every smooth function f on M .
We consider in particular the drift vector field 
We express the explicit solution to this problem by means of the exponential integral G(r) of H(r) and the warping function w(r):
Proposition 6.3. The solution to the Dirichlet problem (6.4) only depends on r and is given explicitly by
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The corresponding 'drifted' capacity is therefore, in view of equation (5.1), (6.6)
Proof. Let ψ denote a function of r and let Γ(r) = ψ (r). Then according to Lemma 6.2
where (6.8)
The general solution to the equation L ψ(r) = 0 is determined by
where C 1 and C 2 are constants of integration. Therefore
The boundary conditions ψ(ρ) = 0 and ψ(R) = 1 are finally satisfied by the following choice of constants:
, and C 2 = 0 .
It follows that the function ψ ρ,R (r) is indeed a solution to the Dirichlet problem (6.4) as claimed. The maximum principle for the operator L guarantees that ψ ρ,R (r) is the only solution.
The capacity expressions finally follow from (5.1), from the observation that in a model every fiber π −1 (r) is a scaled (homothetic) copy of S m−1 1 -the scaling factor being w(r) -and from the fact that by definition of G we have G(ρ) = 1.
Remark e. Let us note the following analogy in honor of intuition: If the function H(r) is positive, then the drift vector field −H(r)∇
M m w (r) will -in comparison with the non-drifted case -drive the 'current' (or the Brownian motion, or the heat kernel as the case may be) back towards the center p w . Intuitively speaking it will thus represent a wind blowing against the process in question, slowing down the motion towards the outer boundary at distance R. This corresponds to an increase in the directed effective resistance of the annular region A w ρ,R and hence to a decrease in the directed capacity of the domain as determined by the modified operator L and the Dirichlet problem (6.4). We illustrate this by a simple example.
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Example 6.4. Let P 2 denote a complete round cylinder of radius a in N = R 3 . Let p denote a point on the axis of symmetry of P . Let a < ρ < R and let A ρ,R (p) denote the corresponding extrinsic annulus of P centered at p. Note that A ρ,R (p) has two disjoint components. The total capacity of these components is classically given by
where L denotes the length of each cylindrical piece of A ρ,R , i.e., (6.13)
In particular, the cylinder is evidently not transient since We first observe that a mean curvature bounding function H(r) for the cylinder P in R 3 can be given exactly and is best possible by (6.14)
where the latter equality holds for all x at distance r from p. This is due to the rotational symmetry of the cylinder and due to the special choice of p. Note that the radius a does not appear in this expression. Then we have
Secondly, the choice of a warping function w which satisfies the constellation criteria is straightforward. Since the ambient space is R 3 , we must choose w(r) so that (6.16)
Evidently there is but one obvious choice for w, namely w(r) = r. Hence we have the model space: M 2 w = R 2 with the standard flat metric. The corresponding drifted capacity of the model space annulus is now (6.17) 
In accordance with the intuition of Remark e we have thus shown that in this example we have
However, as mentioned, our main interest is with the comparison of Cap H (A w ρ,R ) versus Cap(A ρ,R ) because we want to estimate the latter from below. Indeed, in this particular example we do get
because the left-hand side is
and the right-hand side is
so that (6.20) follows from a little calculation. The inequality (6.20) is but one illustrating example of our general comparison result which we state and prove in the next section.
The capacity comparison result
Our main comparison estimate for the capacities of extrinsic annuli reads as follows:
Proof. Let us first suppose that D R and hence also A ρ,R is precompact. Let u be the solution of the Dirichlet capacity problem in A ρ,R :
Since ∂D ρ is a level surface of u we have that ∇ P u is orthogonal to ∂D ρ . On the other hand, ν = ∇ P r/ ∇ P r is the unit normal pointing into A ρ,R at the interior boundary ∂D ρ of the annulus. Since ∇ P u is also pointing into A ρ,R we get
We now transplant the model space solutions ψ ρ,R (r) of equation (6.4) into the extrinsic annulus A ρ,R in P by defining
Using w (r) = η w (r)w(r) and the assumption H(r) ≤ η w (r) it is straightforward to check that
Since we also have ψ ρ,R (r) ≥ 0 we can apply Proposition 4.4 and obtain (7.6)
Using the inequalities (7.7) ∇ N r, H P ≥ −H(r) and
we get (7.8)
Furthermore ψ ρ,R | ∂D ρ = u| ∂D ρ = 0, so that ∂D ρ is a common level-hypersurface for both the functions ψ ρ,R (x) and u(x). The P -gradients of these functions are therefore correspondingly related as follows:
Then we have from (7.3) that (7.10)
which finishes the proof of the theorem for precompact extrinsic R-balls D R . In case D R is not precompact we need to modify the proof using the previously-defined exhaustion sequence A ρ,R,n of A ρ,R . For each n we consider the solutions u n and U n to the following well-defined Dirichlet problems on A ρ,R,n (compare with (7.2)):
for all x ∈ ∂ Ξ n , and
(7.12)
At the outer boundary ∂ Ξ n we have ψ ρ,R (x) = u n (x) ≤ 1 for all x ∈ ∂ Ξ n for all n so that the Maximum Principle guarantees
In consequence we have in particular for all x ∈ ∂D ρ : (7.14)
Hence we get for every n via precompactness of the associated exhaustion sequence:
and therefore
as in (7.10), and this proves the theorem.
Proof of Theorem A
Proof of Theorem A. With reference to the Kelvin-Nevanlinna-Royden Criteria alluded to in the Introduction, transience follows from the existence of a compact set K which has strictly positive capacity in P . We show that Cap(D ρ , P m ) is strictly positive for some suitable value of ρ > 0. By virtue of Theorem 7.1 we have the following inequality:
On the other hand we may choose ρ such that
Indeed, by assumption, P is unbounded in N , i.e. for any radius r the boundary ∂D r is non-empty. Thus for any pair of radii r 1 and r 2 there is a smooth curve in P from ∂D r 1 to ∂D r 2 . Such a curve must contain a point q where the tangent vector has a non-vanishing radial component. At such a point ∇ P r = 0, so the choice of ρ = r(q) will satisfy equation (8.2). Hence it suffices to show that
But this is (via the expression (6.6)) equivalent to the inequality
and the theorem follows.
Corollaries
Following Remark a from the Introduction we consider the general problem of extracting suitable transience criteria from Theorem A, but here without stated reference to the choice of auxiliary warping function w(r). In the first corollary below we simply apply the warping function of the space form of a suitable constant negative curvature. 
w } is therefore a comparison constellation on [0, ∞[ (with the above specific choice of w). The corollary then follows from Theorem A via the inequalities
The transience in Corollary B is thus obtained essentially from the convergent integral ∞ ρ e −t dt. The idea of introducing the convergence of ∞ ρ t −1−ε dt is immediate and will tentatively reduce the assumption of strictly negative sectional curvatures of the ambient space.
As pointed out by Grigor'yan (via nice examples in Section 15.3 of [Gri] ), due to the strong application of the Hessian comparison theorem it is particularly important for the explicit construction of the auxiliary warping function to take account of the radial sectional curvatures of the ambient space even close to the pole, although transience is mainly a feature stemming from the geometry of P in N at 'infinity'. This aspect is therefore specifically addressed in the formulation as well as in the proof of the proposition below, which will serve as the main source for the final corollaries of Theorem A, to be (re-)stated and proved below. 
We observe that the necessary curvature inequality is also satisfied for this extension, since we have by assumption
At this point we then consider the following warping function w(r) which inherits the curvature inequalities from ξ(r) and µ(r) and which still makes the integral in (9.8) converge:
Moreover, w(r) satisfies the initial conditions at 0. This warping function could possibly have a discontinuous relative second order derivative at ρ. However, as already mentioned, the Hessian comparison theorem and its consequences still hold true for radial curvature functions with a finite number of discontinuities, so we conclude from Theorem A that P is transient.
In order to put special emphasis on the interplay between the intrinsic geometric conditions and the extrinsic geometric conditions for transience -as was requested and alluded to in the Introduction -we now apply Proposition C to 3 examples. In each case we impose a strong condition in one of the following 'directions': Strong extrinsic geometric conditions on the submanifold, strong intrinsic geometric conditions on the ambient space, and finally the case of coalescence P = N (where the extrinsic geometry disappears from the analysis and only the intrinsic geometry of N is active). 9.1. Concerning the submanifold. If the submanifold is known to posses some given strong geometric property, then we may ask for conditions on the ambient space which will imply transience of the submanifold. From this viewpoint we consider minimal submanifolds and radial cones. These latter objects are defined as follows. Proof. This follows directly from Proposition C upon observing that the second inequality in (9.17) guarantees that condition (9.5) is satisfied by some b ≥ 0 so that all of (9.4) holds with K(r) = 0.
Proof. This is not a direct consequence of our main theorem, but rather a corollary of its proof. Indeed, when P m = N n we have the equality ∇ P r = 1, and then (7.5) is obsolete for the statements of (7.8) to hold true. In consequence we do not need the assumption that H(r) ≤ η w (r). Moreover, in the Laplacian comparison analysis we may formally put H P = 0, since P = N . The conclusion follows as before, but now from the sole assumption that the p-radial sectional curvatures of N are bounded from above by the p w -radial sectional curvatures of the comparison model space.
